
PLS205 2014 1 HW 9 (Topic 13) 

PLS205 Homework 9 Winter 2015 

 

Topic 13: Analysis of Covariance (ANCOVA) 
 

Due Tuesday, March 10, at the beginning of lecture.  Include your SAS codes, answer all parts of the 

questions completely, and interpret all results.  To ensure maximum points for yourself, invest some time 

in presenting your answers in a concise, organized, and clear manner. 

 

Your Last PLS205 HW Question *sniff!* [100 points] 

A grower would like to test the effect of three different pesticides on yield in common bean. The grower 

plants a large field with common bean and divides the field into 6 homogeneous field sections. Each 

section is divided into 3 equal subsections, which are randomly assigned one of the 3 pesticides. The 

grower knows that the field has small patches with different levels of organic matter that can affect yield 

potential. Before starting the experiment, he measured the organic matter content of each subsection in 

grams of organic matter per kilogram of soil. At the end of the season, the grower measured grain yield of 

each experimental unit in bushels per acre. The data is reported in the table below: 

 
data hw13; 

input block pesticide $ yield om; 

adjyield = yield - 16.87072559*(om - 1.242222); 

Cards; 

1 h1 28.1 0.80 

2 h1 37.8 1.22 

3 h1 36.9 1.43 

4 h1 41.6 1.45 

5 h1 35.2 1.33 

6 h1 41.6 1.80 

1 h2 36.2 1.02 

2 h2 28.4 0.70 

3 h2 40.3 1.39 

4 h2 47.1 1.68 

5 h2 38.6 1.27 

6 h2 36.1 1.12 

1 h3 31.6 0.78 

2 h3 27.3 0.87 

3 h3 30.6 1.08 

4 h3 36.3 1.40 

5 h3 38.2 1.54 

6 h3 37.3 1.48 

; 

Proc GLM data = hw13; 

title 'om independent'; 

Class Block pesticide; 

Model yield om = Block pesticide; 

Means pesticide / Tukey; 

 

Proc GLM data = hw13; 

title 'regression'; 

model yield = om; 

 

Proc GLM data = hw13; 

title 'equal slopes'; 

Class Block pesticide; 

Model yield = Block pesticide om pesticide*om; 
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Proc GLM data = hw13; 

title 'ANCOVA'; 

Class Block pesticide; 

Model yield = Block pesticide om / Solution; 

LSMeans pesticide / pdiff adjust = Tukey; 

Means pesticide / Tukey; 

 

Proc GLM data = hw13; 

title 'Levene use adj. yield'; 

Class pesticide; 

Model adjyield = pesticide; 

Means pesticide / HovTest = Levene; 

 

Proc GLM data = hw13; 

title 'ANOVA using adj. yield'; 

Class Block pesticide; 

Model adjyield = Block pesticide; 

Output Out = hw13PR p = pred r = res; 

 

Proc GLM data = hw13PR; 

title 'non-additivity'; 

Class Block pesticide; 

Model adjyield = Block pesticide pred*pred; 

 

Proc Univariate Normal plot data = hw13PR; 

title 'test of normality'; 

var res; 

run; quit; 

 

 

1.1 Describe in detail the design of the experiment [see appendix at the end of this problem set]. 

Design:  RCBD 

Response Variable: Yield of bean 

Experimental Unit:  Field section 

     

Class 

Variable 

Block or 

Treatment 

Number of 

Levels 

Fixed or 

Random 
Description 

1  Block  6  Random  Field section 

2  Treatment  3 Fixed   Pesticide 

     

 
Subsamples? NO   

Covariable? YES   

 

1.2 Test all of the assumptions of the ANCOVA. 

Linear regression of response variable and covariable: 
Dependent Variable: yield 

Source DF Type I SS Mean Square F Value Pr > F 

om 1 353.8345807 353.8345807 50.10 <.0001 

The regression results suggest that there is a significant linear relationship  between the response 

variable yield and the independent variable organic matter (P < 0.0001). 
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Test if the covariable is affected by the treatment: 

In this case the organic matter was measured before the treatment was applied; therefore, in this case we 

can make a safe assumption that the treatments did not affect the covariable. If you did have to make a 

formal test then you would do an ANOVA using the covariable as the response variable. The results are 

shown below: 

 
Dependent Variable: om 

 

                                        Sum of 

Source                      DF         Squares     Mean Square    F Value    Pr > F 

Model                        7      1.23198889      0.17599841       3.65    0.0320 

Error                       10      0.48252222      0.04825222 

Corrected Total             17      1.71451111 

 

                 R-Square     Coeff Var      Root MSE       om Mean 

                 0.718566      17.68314      0.219664      1.242222 

 

Source                      DF     Type III SS     Mean Square    F Value    Pr > F 

block                        5      1.14877778      0.22975556       4.76    0.0174 

pesticide                    2      0.08321111      0.04160556       0.86    0.4514 

      

In this case the pesticide treatments did not significantly affected the levels of organic matter. 

 The om Mean = 1.242222 will be used later for the calculation of adjusted values 

 The green highlighted SS will be used later for the calculation of efficiency 

 

Heterogeneity of slopes: 

To test the heterogeneity of slopes it is necessary to include the covariable by treatment interaction in the 

model. The results are reported below: 

Source DF Type III SS Mean Square F Value Pr > F 

block 5 18.3003572 3.6600714 0.89 0.5362 

pesticide 2 0.6160478 0.3080239 0.07 0.9288 

om 1 128.6930724 128.6930724 31.21 0.0008 

om*pesticide 2 4.2922558 2.1461279 0.52 0.6156 

The results suggest that the linear relationship between yield and organic matter for each pesticide 

treatment have an equal slope (P = 0.6156). 

 

1.3 Create a new variable Z (response variable corrected for the covariable) and test all the assumptions 

of the ANOVA. 

Create a new variable Z: 

To create the new variable Z we need to have the overall mean of the covariable and the common slope of 

the linear relationship between yield and organic matter. 

The overall mean of the covariable can be obtained from the ANOVA that was done in question 1.2 to 

test if the covariable is affected by the treatment. 

R-Square Coeff Var Root MSE om Mean 

0.718566 17.68314 0.219664 1.242222 

The overall mean of the covariable is 1.242222. 
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The common slope of the linear relationship between yield and organic matter can be obtained from the 

results of the solution statement in the ANCOVA model. 
                          Standard 

Parameter            Estimate             Error    t Value    Pr > |t| 

 

Intercept         11.92584471 B      4.11708804       2.90      0.0177 

block     1        3.75576868 B      2.28150557       1.65      0.1341 

block     2        1.88728940 B      2.15767607       0.87      0.4045 

block     3        0.41178760 B      1.63353732       0.25      0.8066 

block     4        2.60226856 B      1.57183770       1.66      0.1322 

block     5        0.46212955 B      1.58546191       0.29      0.7773 

block     6        0.00000000 B       .                .         . 

pesticide h1       0.84229358 B      1.18001051       0.71      0.4934 

pesticide h2       4.14897971 B      1.10831335       3.74      0.0046 

pesticide h3       0.00000000 B       .                .         . 

om                16.87072559        2.76331748       6.11      0.0002 

The adjusted Z can be calculated by using the two above values in the following formula: 

 

𝑍 =  𝑌𝑖𝑗 −  𝛽(𝑋𝑖𝑗 −  𝑋..) 

 

Where Yij = the observation from ith treatment and jth block, β = the common slope of the linear 

relationship between Y and X, Xij = covariable of the ith treatment and the jth block, X.. = overall mean of 

the covariables. 

 

This adjustment can be easily applied to all the observations in SAS by doing the following: 
 

data hw13; 

input block pesticide $ yield om; 

adjyield = yield - 16.87072559*(om - 1.242222); 

Cards; 

1 h1 28.1 0.80 

… 

 

The adjusted values can be used to test all the assumptions of the ANOVA: 

Homogeneity of Variances: 

 
Levene's Test for Homogeneity of adjyield Variance 
          ANOVA of Squared Deviations from Group Means 
 
                         Sum of        Mean 
Source           DF     Squares      Square    F Value    Pr > F 
 
pesticide         2     70.7663     35.3831       0.95    0.4095 
Error            15       559.8     37.3180 
 

The Levene test suggest that the variances are homogeneous between treatments (P = 0.4095). 

 

Normal distribution of residuals: 

Tests for Normality 

Test Statistic p Value 

Shapiro-Wilk W 0.948037 Pr < W 0.3951 

The Shapiro-Wilk test suggest that the residuals are normally distributed (P = 0.3951). 

 

Tukey 1-df test for non-additivity: 
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Source                      DF     Type III SS     Mean Square    F Value    Pr > F 
 
block                        5      4.77595613      0.95519123       0.29    0.9062 
pesticide                    2      4.77231094      2.38615547       0.73    0.5096 
pred*pred                    1      3.62631926      3.62631926       1.11    0.3206 
 

The Tukey 1-df test for non-additivity suggest that there are no multiplicative effects between the 

treatments and the blocks (P = 0.3206). 

 

1.4 Perform the ANCOVA analysis where the covariable is included in the model. Are there significant 

differences in yield between the herbicides? Perform a Tukey-Kramer multiple comparison test to 

see which pesticide treatments are significantly different. 
Dependent Variable: yield 
                                        Sum of 
Source                      DF         Squares     Mean Square    F Value    Pr > F 

Model                        8     433.6794750      54.2099344      14.71    0.0003 
Error                        9      33.1605250       3.6845028 
Corrected Total             17     466.8400000 
 
                 R-Square     Coeff Var      Root MSE    yield Mean 
                 0.928968      5.322105      1.919506      36.06667 
 
Source                      DF     Type III SS     Mean Square    F Value    Pr > F 

block                        5      24.7368646       4.9473729       1.34    0.3296 
pesticide                    2      56.9723385      28.4861693       7.73    0.0111 
om                           1     137.3361416     137.3361416      37.27    0.0002 
 

The ANCOVA results suggest that there are significant differences between the 3 herbicides (P = 

0.0111). These differences were not significant in the ANOVA (P = 0.2237) 

 

The green highlight MSE of the ANCOVA will be used later in the calculation of efficiency 

 

Tukey-Kramer multiple comparison test for the ANCOVA 

 

pesticide 
yield 

LSMEAN 
Tukey 

Grouping 

h2 38.55189 A 

h1 35.2452 B 

h3 34.40291 B 

 

The Tukey-Kramer multiple comparison test suggest that pesticide 2 was significantly different 

from herbicides 1 and 3. Herbicides 1 and 3 were not significantly different from each other. 

 
ANOVA of the Adjusted variable 

adjyield = yield - 16.87072559*(om - 1.242222); 
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Dependent Variable: adjyield:  
                                               Sum of 
       Source                      DF         Squares     Mean Square    F Value    Pr > F 
       Model                        7      90.6028063      12.9432580       3.90    0.0260 
       Error                       10      33.1605250       3.3160525 
       Corrected Total             17     123.7633313 
                      R-Square     Coeff Var      Root MSE    adjyield Mean 
                      0.732065      5.048993      1.821003         36.06666 
 
       Source                      DF     Type III SS     Mean Square    F Value    Pr > F 
       block                        5     32.88747797      6.57749559       1.98    0.1669 
       pesticide                    2     57.71532829     28.85766414       8.70    0.0065 
THE ANOVA of the transformed VARAIBLE. Produces very similar results to the ANCOVA 

 

1.5 Perform a similar analysis as in Question 1.3 but this time excluding the covariable from the model 

(i.e. run an ANOVA instead of an ANCOVA): 
 

 

Dependent Variable: yield 
                                        Sum of 
Source                      DF         Squares     Mean Square    F Value    Pr > F 
Model                        7     296.3433333      42.3347619       2.48    0.0933 
Error                       10     170.4966667      17.0496667 
Corrected Total             17     466.8400000 
                 R-Square     Coeff Var      Root MSE    yield Mean 
                 0.634786      11.44859      4.129124      36.06667 
 
Source                      DF     Type III SS     Mean Square    F Value    Pr > F 
block                        5     236.8200000      47.3640000       2.78    0.0795 
pesticide                    2      59.5233333      29.7616667       1.75    0.2237 
 

Alpha 0.05 

Error Degrees of Freedom 10 

Error Mean Square 17.04967 

Critical Value of Studentized Range 3.87676 

Minimum Significant Difference 6.5351 

 

Means with the same letter 
are not significantly different. 

Tukey Grouping Mean N pesticide 

A 37.783 6 h2 

A 36.867 6 h1 

A 33.550 6 h3 

 

The Tukey Test for the unadjusted values failed to detect significant differences between h2 and h1,which 

are significant in the ANCOVA 

 

a. Why is the pesticide F-value smaller in the ANOVA than in the ANCOVA? 

 The ANOVA excluding the covariable from the analysis has a smaller F-value 

because the residual error is larger. 

 

b. Quantify the increase in variation explained by the ANCOVA model relative to that 

explained by the ANOVA model. 
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 The ANOVA model explained 63% of the total variation (R
2
 = 0.63) while the 

ANCOVA model explained 93% of the total variation (R
2
 = 0.93). The ANCOVA 

model accounted for 30% more of the variation than the ANOVA model. 

 

c. Is it likely that the effect of field section on yield is due to differences in organic matter? 

 The effect of field section on yield is most likely due to differences in organic matter 

between field sections. Notice that in the ANOVA on yield without a covariable the 

effect of field section is close to being significant (P = 0.0795). The cause of the near 

significant effect of field section can be explained due to differences in organic 

matter in each field section. This is supported by the significant effect of field section 

on organic matter (see ANOVA on organic matter) and the strong linear 

relationship between yield and organic matter. In the ANCOVA, the question being 

asked is “Is there significant differences in yield between the different filed 

sections/treatments given that all the measurements were taken from e.u. with equal 

organic matter?”, in this case the results of the ANCOVA suggest that the effect of 

field section is much less significant (P = 0.3296) and the block means squares is 

much lower (4.95 < 47.36, ANCOVA and ANOVA respectively). 

   

 

1.6   Estimate the relative efficiency of having the covariable relative to not having the covariable in this 

experiment. 

To estimate the relative efficiency of having a covariable in the model compared to having no 

covariable in the model it is necessary to calculate the effective ANCOVA MSE, which is 

calculated using the following formula: 

 

𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝐴𝑁𝐶𝑂𝑉𝐴 𝑀𝑆𝐸 =  𝑀𝑆𝐸𝐴𝑁𝐶𝑂𝑉𝐴(1 +  
𝑇𝑟𝑡𝑆𝑆𝑋

(𝑡 − 1)𝐸𝑟𝑟𝑜𝑟𝑆𝑆𝑋
) 

 

Where: MSEANCOVA = MSE from ANCOVA = 3.68, TrtSSX = the treatment SS from ANOVA 

on the covariable = 0.0832, ErrorSSX = the error SS from ANOVA on the covariable = 0.483, t 

= the number of treatments = 3. 

 

𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝐴𝑁𝐶𝑂𝑉𝐴 𝑀𝑆𝐸 =  3.68 (1 +  
0.0832

2 ∗ 0.483
) =  3.997 

 

Now the relative efficiency of the ANCOVA compared to the ANOVA can be estimate by the 

following equation: 

𝑅𝐸𝐴𝑁𝐶𝑂𝑉𝐴:𝐴𝑁𝑂𝑉𝐴 =  
𝑀𝑆𝐸𝐴𝑁𝑂𝑉𝐴

𝑀𝑆𝐸𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝐴𝑁𝐶𝑂𝑉𝐴 𝑀𝑆𝐸
 

 

Where: MSEANOVA = is the MSE of the ANOVA without correcting for the covariable 

 

𝑅𝐸𝐴𝑁𝐶𝑂𝑉𝐴:𝐴𝑁𝑂𝑉𝐴 =  
17.05

3.997
= 4.27 

 

The results suggest that the ANCOVA model is 327% more efficient than the ANOVA model. 

 

 

 

Appendix 
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When you are asked to "describe in detail the design of this experiment," please do so by completing the 

following template: 

 

Design:   

Response Variable:  

Experimental Unit:   

     

Class 

Variable 

Block or 

Treatment 

Number of 

Levels 

Fixed or 

Random 
Description 

1         

2         

↓         

n         

     

 
Subsamples? YES / NO   

Covariable? YES / NO   

 

NOTE:  There is a new section in the above table ("Covariable?").  Declare whether or not the analysis 

includes a convariable; if it does, provide a description. 


